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Abstract We characterize in terms of the Goldman Lie algebra which conjugacy 
classes in the fundamental group of a surface with non empty boundary are 
represented by simple closed curves. 

We prove the following: A non power conjugacy class X contains an embedded 
representative if and only if the Goldman Lie bracket of X with the third power 
of X is zero. 

The proof uses combinatorial group theory and Chas' combinatorial descrip- 
tion of the bracket recast here in terms of an exposition of the Cohen-Lustig 
algorithm. Using results of Ivanov, Korkmaz and Luo there are corollaries char- 
acterizing which permutations of conjugacy classes are related to diffeomorphisms 
of the surfaces. 

This result completes the solution of a problem posed by Turaev in the eight- 
ies. 

Our main theorem counts the minimal possible number of self-intersection 
points of representatives of a conjugacy class X in terms of the bracket of X with 
the third power of X. 



1 Introduction 

During the middle eighties Goldman [10] defined a Lie algebra structure on the Z- 
module generated by non-trivial conjugacy classes and explained it as a universal 
Poisson structure fitting with calculations of Scott Wolpert [2^ using the symplec- 
tic structure on Teichmiiller space. In the late eighties Turaev added a Lie cobracket 
structure [27] on this Z-module and showed the two operations, bracket and cobracket, 
defined a Lie bialgebra in the sense of Drinfeld. Turaev formulated a question whether 
the vanishing of the cobracket characterized embedded non-power conjugacy classes. 
Turaev was motivated by the group theory statement: 

Every surjection TCg — ^ Fg x Fg contains in its kernel an embedded conjugacy class. 
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Here 7Tg is the fundamental group of a closed surface of genus g, Fg is the free group 
on g generators and the surjection is the data of a Heegaard decomposition of a simply 
connected three manifold. This statement was shown to be equivalent to the Poincare 
conjecture ([Mj and [26].) 

Counterexamples to Turaev's conjecture were given in [5] and evidence was obtained 
for a bracket characterization of embedded conjugacy classes. Before the counterex- 
amples were found, attempts to answer Turaev's question led to the String Topology 
paper [3]. 

In this paper we also report on the empirical evidence that the vanishing of the 
cobracket of non-trivial powers of a conjugacy class may also characterize embedded 
classes. 

The main theorem of this paper, which holds for surfaces with non-empty boundary, 

is: 

Theorem 14.1b Let V be a non-power conjugacy class of the fundamental group of 
an oriented surface. Let p and q be distinct positive integers with one of them, p 
or q at least three. The number of terms (counted with multiplicity) of the Goldman 
bracket (V^, V^) is 2 ■ p ■ q times the minimal possible number of self-intersections of 
representatives of the conjugacy class V. 

Our proof of the main theorem really happens in the analysis of Proposition 12.191 
This result distinguishes the conjugacy classes of various sets of linear words. The 
analog of this proposition for closed surfaces is work in progress and may yield an anal- 
ogous characterization of embedded conjugacy classes there. Beyond Proposition 12.191 
the proof uses the combinatorial presentation of the Lie bialgebra from [5]. However, 
for the purposes of a simpler and more self-contained exposition we adapt propositions 
of Cohen-Lustig [7] to arrive in this paper at a modified combinatorial presentation of 
the Goldman Lie algebra. 

The surjection above can be realized by a simplicial map from the surface to the 
Cartesian square of a trivalent graph. Discovering some structure analogous to the 
Goldman bracket for the latter space and obtaining a deeper understanding of the con- 
comitant algebra presented here could possibly lead to a topological or algebraic proof 
of the group theoretic statement above which is now known to be true by Perelman's 
work ([21], [22] and [23]. See also Morgan-Tian [T3]). 

The paper closes with some further algebraic questions and problems which are 
related to the ideas here. 

In more detail, the paper is organized as follows: first we develope the combinatorial 
aspects of our work (Section [2l) and then, the topologic-geometric aspects (Section [3]). 
More precisely, in Section [2] we define linear and cyclic words, an equivalence relation 
on the set of cyclic permutations of pairs of words and an order on the set of half 
infinite words. These concepts were already introduced in [2] and [7]. In this paper, for 



2 



completeness, we give proofs of all the combinatorial results we state. Using all these 
elements, we define a certain bilinear map, the combinatorial Goldman Lie bracket. 
Also, we prove that certain pairs of cyclic words cannot be conjugate (Proposition l2.19lj . 
The argument of Proposition 12.191 (especially Figure [3|) is the heart of the proof of the 
main result of this paper. 

In Section m we define boundary expansions and we show that the Goldman bracket 
is the bilinear map we defined combinatorially in Section [21 

Even if for Section [2] the definitions and results of Section [3] are not needed, we 
will make reference to Section [3] when exposing Section [2] in order to clarify and give 
meaning to an otherwise challenging combinatorial discussion. 

Finally, in Section [H we prove our main result. Theorem 14. 11 saying that the bracket 
"counts" the number of self-intersection points of a conjugacy class. We conclude with 
Section [5] by stating some questions and conjectures relative to these problems. 

This work benefited from discussions with Laura Ciobanu and Miguel Paternain. 
The authors are indebted to Dennis Sullivan for his help in the historical remarks and to 
the referee for a careful reading and excellent suggestions. The research was supported 
by the NSF grant 1034525 - 1- 2977. The Instituto Argentino de Matematicas, with 
its kind hospitality, also contributed to the completion of this work. 

2 Cyclic words, linking pairs and a bilinear map 

In this section we introduce the free Z-module V of cyclic words of certain alphabet 
and define a bilinear map [ , ] : V ® V — > V. From the definition of [ , ] , it will follow 
straightforwardly that [ , ] is antisymmetric. In fact, this bilinear map satisfies the 
Jacobi identity. We will give an indirect proof of this fact, by showing that the the 
combinatorial bilinear map and the Goldman Lie bracket of curves on a surface coincide. 
In [H] a purely combinatorial proof of the Jacobi identity will be exhibited. 

The bilinear map [ , ] coincides with the one defined in [5], but the presentation we 
give here, is easier to process for the reader familiar with Hyperbolic Geometry. 

2.1 Linear and cyclic words 

In this subsection we introduce definitions and recall basic well known results about 
linear and cyclic words. 

Let g be a positive integer. A q-alphabet or, briefly, an alphabet is a set of 2q 
symbols, {ai, 02, ... , a^, Oi, a2, . . . , a^}, endowed with a fixed linear order. We denote a 
g-alphabet by Ag. (There are approximately (^'') different discussions depending on the 
order of Ag.) The elements of Ag are letters. A linear word in Aq is a non-empty finite 
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sequence of symbols vqVi . . . Vn-i such that Vi belongs to for each z G {0, 1, ... , n— 1}. 
For each letter v,v = v. 

Let V = vqVi . . . Vn-i be a linear word. We say that n, the number of letters of V is 
the length ofM. By definition, V = • • - ^o- The linear word V is freely reduced 

if Vi 7^ Vi+i for each z G {0, 1, . . . , — 1}. If V is freely reduced and 7^ Vq then V 
is cyclically reduced. 

Notation 2.1. When dealing with letters denoting linear words V = vqVi . . .Vn-i we 
will always consider subindices of letters mod the length of V, that is n. Thus if 

V = f of 1 . . . Vn-i is a linear word and i is an integer, Vi denotes the letter Vh of V where 
h is the only non-negative integer such that n divides i — h and h < n. 

Consider the equivalence relation on the set of linear words, generated by the pairs 
of the form (V, W) such that V is a cyclic permutation of W or V = \Nvv where v is 
a letter in A^. The equivalence classes under this equivalence relation are called cyclic 
words. (Observe that these are the conjugacy classes of the free group generated by 
ai,a2, . . . Thus, every cyclic word can be labeled by a unique reduced oriented 

ring of symbols, (see Figure [I]). If V is a (not necessarily reduced) linear word, we 
denote the equivalence class of V by V. Observe that the definition of cyclic word we 
are giving here does not coincide with the one given in [5] which allowed unreduced 
rings of symbols. 

as 04 
_ ^ _ 

Clg Oy 

Ha O-A 

ai 

Figure 1: A ring in the letters of A7 

If V = VqVi . . . Vn-i is a linear word and j is an integer then the linear word 
VjVj+i . . . Vn~iVo . . . is denoted by Vj. Notice that the length of V equals the length 
ofV,. 

A linear word V is a linear representative of a cyclic word V if V is cyclically reduced 
and belongs to the equivalence class V. Observe that all the linear representatives of 

V are exactly all the cyclic permutations of V. Thus, in particular, all the linear 
representatives of a cyclic word V have the same length. 

If V is a cyclic word, V a linear representative and k an integer, we define as 

if k is positive and as (V ^) if k is negative. (These are the basic operations on 
conjugacy classes in groups and are well defined by these prescriptions). A linear (resp. 
cyclic) word is primitive if it cannot be written as (resp. V^) for some r > 2 and 
some reduced linear word V (resp. cyclic word V). The length of a cyclic word is the 
length of any linear representative. (Recall that, by definition, a linear representative 
of a cyclic word is cyclically reduced.) 
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We start by gathering together some elementary well known results we will need 
throughout these pages. 

Lemma 2.2. (1) IfM is a linear word and V = Vj for some integer i then either V is 
not a primitive word or i is a multiple of the length ofM. 

(2) If y is a cyclically reduced linear word then there exists a primitive linear word W 
and a positive integer k such that V = W*^. 

(3) If y and W are cyclically reduced words such that V = W then there exists an 
integer i such that V = Wj. 

(4 ) Ify is a cyclically reduced linear word and k and I are positive integers then (V^)' = 

2.2 An equivalence relation on the set of cyclic permutations 
of pairs of words 

Let V and W be two cyclically reduced words of length n and m respectively. In this 
Subsection we define an equivalence relation on the set of ordered pairs in {0, 1, . . . , n — 
1} X {0,l,...,m — 1}. This definition is purely combinatorial but has the following 
geometric interpretation: This equivalence relation is such that there exists a one 
to one correspondence between pairs of integers equivalent to and fundamental 
domains traversed simultaneously by the two axes of the two hyperbolic transformations 
associated in Subsection 13.11 to the words V and W and the pair More precisely, 

in the context of Subsection 13. 11 given two cyclically reduced words V and W and («, j), 
one can determine which fundamental domains are traversed by Vj and "starting" 

at Di. There is a natural bijection between the elements of and the pair of 
fundamental domains that are traversed by the axis of Vj and the axis of Wj. 

Definition 2.3. Let V = vqVi . . .Vn-i and W = woWiW2 ■ ■ ■ Wm-i be two cyclically 
reduced words in Ag. Denote by I(V, W) the set of ordered pairs of integers {{j,k) : 
< j < n and < A; < m} and by IZiy, W) the equivalence relation on I(V, W) 
generated by the pairs 

(1) ij,k) ~ (j + l,fc + l) if Vj = Wk. 

(2) ij + l,k) ~ (j,A; + l) ifvj = Wk. 

Denote by (i, j) the equivalence class of {i,j). □ 

We use with the entries of pairs in I(V, W) the same convention we use with 
subindices in words: namely, integers are taken mod the length of the correspond- 
ing word. 

Next we prove an auxiliary result which will be used in the proof of Proposition [2751 
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Lemma 2.4. Let V and W be two cyclically reduced words. Let {k, h) and (/, /) 
he elements ofl{\/,\N). Lf and (fc, h) are related as in Definition \2.S\( l) then {k, h) 
and {l,f) are not related as in Definition \2. ^ 2). 

Proof. Since (i, j) and (A;, h) are related as in Definition 12.3( 1) there are two possibili- 
ties. 

(a) {k, h) = [i + l,j + 1) and Vi = Wj 

(b) {k, h) = {i — 1, j — 1) and = Wj-i 

Suppose that {k,h) and {I, f) are related as in Definition I2.3I (2). Then there are two 
possibilities. 

(i) (/, f) = {k + l,h-l) and Vk = Wh-i 

(ii) (/, /) = (A; - 1, /i + 1) and Vk-i = Wh 

Assume that (a) and (i) hold. Then Vi = Wj = Wh-i = Vk = Vi+i. Then V is not 
reduced, a contradiction. The other three cases follow by similar arguments. ■ 

In the next proposition we give a characterization of the equivalence classes of 
7e(V,W). 

Proposition 2.5. LetV and\N be two cyclically reduced words. If C is an equivalence 
class of IZiy ,\N) then there exists an ordered pair of integers {i,j) such that exactly 
one of the following holds. 

(1) C = {{i, j), {i + 1, j + 1), . . . {i + c, j + c)} for some non-negative integer c. Moreover 

Vi+c 7^ Wj^c- 

(2) C = {{i,j), {i + 1, j — 1), . . . + c, j — c)} for some positive integer c. Moreover 

(3) Vi+s = Wj+s for every integer s. 

(4) Vi+s = Wj-s for every integer s. 

Moreover, in cases (1) and (2), if the length ofM and the length of\N are equal to n 
for some positive integer n then c < n. 

Proof. If C contains exactly one element, then C is of type (1) and the results holds. 
Thus we can assume now that C contains more than one element. Then C contains two 
elements related as in Definition 12.31 (1) or two elements related as in Definition 12.31 (2). 
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We assume that C contains two elements related as in Definition 12.3( 1). The other 
case can be studied in an analogous way. 

Let (/i, k) be an element in C . By Lemma [2.41 there are no pairs of elements in C 
related as in Definition 12.31 (2). Denote by T the set of integers such that {h + t^k + t) 
belongs to C . Note that every element of C has the form {h + t,k + t) for some integer 
t in T. By definition, zero belongs to T so T is a non-empty set. It is not hard to 
see that T has an upper bound if and only if T has a lower bound. Assume that T 
has an upper bound. Let u (resp. /) denote the maximum (res. minimum) of T. Set 
i = h - I and j = k - I. Then C = {i + 1, j + 1), . . . , {i + u + I, j + u + I)} 

{i + u + l + l,j + u + l + l) = {h + u + 1, k + u + 1) ^ C. This implies that Vh+u 7^ Wh+u- 
Thus C is of type (1). 

On the other hand, if T does not have an upper bound then C is of type (3). 

Assume now that the length of V and the length of W are equal to n for some 
positive integer n. Observe that if T contains at least n integers, then T contains all 
the integers. This completes the proof. 



In the conditions of Proposition 12.51 to each equivalence class C we associate a 
non-negative integer which will be called the negative length of C. The negative length 
is defined as the number c if (2) holds and otherwise. 

Let V and W be two cyclically reduced linear words. In Subsection 12.41 in order to 
define the bilinear map, we need to choose a representative of an equivalence class 
of 7^(V, W) and consider ^i\Nj. By Lemma [277l this is independent of the representative 
(z,j). Nevertheless, in order to facilitate the proof of Theorem 13.161 we will use a 
representative with certain properties, which is defined as follows. A pair of integers 
in I(V, W) is said to be extremal if Vi ^ Wj and Vi ^ Wj-i. 

Corollary 2.6. Let V and W be two cyclically reduced linear words and let C he an 

equivalence class of 7l(y,\N) as in Lemma l275\( l) or (2). Then C contains a unique 
extremal pair. 

The following lemma follows straightforwardly from Proposition 12.51 

Lemma 2.7. Let V and W he two cyclically reduced linear words. Let K he a map from 
I(V, W) to the set of cyclic words in Aq defined by A(z, j) = VjWj. Then A is constant 
over each equivalence class o/7?.(V, W). 

Moreover, if c is the negative length of {i,j), and n and m are, respectively, the 
lengths of V and W then the length of \li\Nj is n + m — 2c. 

Example 2.8. Consider the ordered alphabet A2 = {a,b,a,b}. For each of the words 
V and W below, we list the set of equivalence classes of 7?.(V, W). The pairs in bold 
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are the extremal pairs (note that certain equivalence classes do not contain extremal 
pairs). 



(1) V = a6, W = aab, {{(0, 0), (1, 1), (0, 1), (1, 2)}, {(1, 0)}, {(0, 2)}} 

(2) V = W = aabb, {{(0, 0), (1, 1), (2, 2), (3, 3)}, {(0, 1), (1, 2)}, {(1, 0), (2, 1)}, 
{(2, 3), (3, 0)}, {(3, 2), (0, 3)}, {(0, 2)}, {(2, 0)}, {(1, 3)}, {(3, 1)}} 

(3) V = aab, W = a, {{(0, 0), (1, 0), (2, 0)}}. 

□ 

2.3 Linking pairs and sign 

The set of reduced half infinite words in the ordered alphabet is in correspondence 
with a subset of points in the boundary of the Poincare disk D (see Lemma [375ll . In 
this Subsection, we will study following [2] an order on the set of half infinite words 
in Aq, which reflects the cyclic order of the corresponding points in the boundary of 
D. Using this order, for every pair of words V and W, we associate an integer, —1, 1 
or to each class in 7^(V, W). We will see in Subsection 13.31 that this combinatorial 
definition is related to whether two axis of certain hyperbolic transformation intersect 
and if they do intersect, which is the sign of that intersection. 

We now define an order in the set of half infinite words in Ag. Let T = ^0*^1^2 • • • 
and U = UQU1U2 ... be two distinct half infinite words. We say that T < U if one of 
the following holds. 

(i) to < ^0 

(ii) there exists a non-negative integer j such that ti = Ui for every i such that 
< ^ < j and tj+i comes before Uj+i in the new alphabet obtained by cyclically 
permuting the order of Ag in such a way that tj is the first element. 

Note that for every pair of words T and U, either T<UorU<TorT = U. In other 
words, the order is linear. 

A finite sequence of half infinite words Ti, T2, . . . is linearly ordered if Ti < T2 < 
• • • < Tfc or Tfc < ■ ■ ■ < T2 < Ti. The sequence Ti, T2, . . . T^ is cyclically ordered if a 
cyclic permutation of Ti, T2, ... is linearly ordered. 

Remark 2.9. The alphabet Ag is initially endowed with a linear order. Any cyclic 
permutation of this linear order yields the same cyclic order on the set of infinite words 
on the letters of Ag, and this cyclic order is what determines all our further results. 
The reason why one initially endows Ag with a linear order and not with a cyclic order 
is that linear orders are easier to handle. □ 
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Given a finite linear word V = f of if 2 • • • fn-i we define the infinite word V°° as 
VV... and V-°° and VV.... 

Example 2.10. Consider the ordered alphabet A2 = {a,b,a,b} and V = aabb. In the 
above order we have 

□ 

Let V = f of if2 • • • fn-i and W = wqWiW2 ■ ■ ■ Wm~i be two cyclically reduced words 
in Kq. To each ordered pair of integers [i,]) E I(V, W) we associate an element of 
{1, —1, 0} as follows 

r 1 if V°°, Wf , V-°°, W-°° is cyclically ordered 
SvAhj) = { -1 if V~,W-°°,V-°°,Wf is cyclically ordered 
otherwise. 

A proof of a variant of the following lemma, using hyperbolic geometry can be found 
in [7]. Here, for completeness, we give the argument. 

Lemma 2.11. Let V and W be two cyclically reduced linear words. The function s^w 
is constant on each equivalence class o/7^(V, W). 

Proof. It is enough to prove that if two pairs are related as in Definition 12.31 (1) or 
(2) then Sy.w has the same value for these two pairs. We study the first case. The 
second follows similarly. Consider two pairs and {i + 1, j + 1) in I(V, W) for which 
definition Definition 12.3( 1) holds. Thus fj = wj. Assume that 

(The other possibilities follows by analogous arguments). Since V is cyclically reduced, 
Vi 7^ fj-i. By definition of order we have, Wj = f » < fj-i < Wj-i. 

Assume first that f,+i = Wj+i. Since V~ < W°° and V°° = fifi+iV°^2 and W°° = 
fjfj+iW°^2? < ^"j+i- We consider the following two cases 

(1) fj-i = Wj^i. Since V°° < W°°, and V°°, W°° both start with the same letter, 
V,+i ^ f if i_iV,_i < ViVi_,\N^_, = W,+i. The words V^^ and W^^, (resp. V,+i 
and ^j^i) start with the same letter. Then the cyclic order of the sequences 

W-Vr,W7 and yr+i,^]l,\/Zi,y^T+i ™ide. 

(2) fj_i 7^ Wj-i. Hence, Vi = wj < Vi-i < wj-i. This inequality implies that 

7-700 \in°^ 

^i+i = fjf j_iVi_i < WjWj^i\Nj^^. 

Since V^^^^ < \Nj^-^ and both words V°^^ and W°^^ start with the same letter, this 
case is done. 
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Finally assume that fj+i 7^ Wj+i. Then Vi+i comes before wj+i in the alphabet 
obtained by cyclically permuting Ag so that Vi is the first element. Since starts 
with Wj+i, starts with Wj^i and both words V°^]^ and VV°^^ start with Vi, if we 

can show that V°^]^ < W°^^, the result follows. We consider the following cases 

(1) Vi-i = Wj-i. As in (1) of the previous case, V°^^ < Wj^^^. 

(2) 7^ Wj-i. Hence, Vi = Wj < Vi_i < Wj^i. Therefore, 



Example 2.12. If V and W be as in Example 12.81 (1) then the class that contains (0, 0) 
has sign —1. The other two classes have sign zero. 

If V = W = aabb as in Example 12.81 (2) by the calculations in Example 12.101 one can 
deduce the following: Sv vll, 3) = 1, Sv,v(3, 1) = — 1 and the sign of the classes that do 
not contain (1,3) or (3, 1) is zero. 

Finally, if V and W are as in Example 12.8( 3). the sign of the unique equivalence 
class is one. □ 

Definition 2.13. Let V and W be two cyclically reduced linear words. An ordered 
pair of integers in I(V, W) such that Sv,w(^,j) 7^ is a linking pair. The set 

of equivalence classes (i,j) such that is a linking pair is denoted by CV(y,\N). 
Observe that CV(y,\N) is well defined because of Lemma [2. Ill □ 

Lemma 2.14. Let V and W be two cyclically reduced linear words and let C be a class 
inlZiy ,\N). IfC is as in Lemma\KB(3) or (4) then C is not a linking pair. In symbols, 

C i /:p(v,w). 

Proof. If C is as in Lemma [23](3) or (4) then V°° = or \lf = W~ for each 
(z, j) G C. Thus, by definition Syyj{i,j) =0. ■ 

Remark 2.15. For each pair of cyclically reduced words V and W, it is not hard to 
prove that there is a one to one correspondence between the linking pairs £'P(V, W) 
introduced in [7] and the linked pairs of [Sj. □ 



2.4 A bilinear map on free Z-module of cyclic words 

Let V denote the free Z-module generated by the set of cyclic words in Ag. 

Remark 2.16. By definition, the cyclic word consisting of the empty word is an 
element of the base of V. Had we chosen to take V as the free Z-module generated 
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by all the cyclic words with the exception of the cyclic word consisting of the empty 
word then all the results of this combinatorial section are still valid. The topological 
results about the Lie algebra still hold, but of course we will be studying non-trivial 
free homotopy classes of curves on a surface. □ 

We will define a bilinear map on [ , ] : V ® V — > V. To do so, it is enough to 
define it in each ordered pair of elements of the base and extend it by linearity. By 
Lemma [2^21( 2) every cyclic word can be written as V'^ for some positive integer k where 
V is a primitive cyclically reduced linear word. 

Let V and W be two primitive cyclically reduced linear words and let k and / be 
two positive integers. Set 

[V^,W']= Yl A;-/-Sv,w(^,j)-Vfw^ 

We claim that the bilinear map [ , ] is well defined. Indeed, by Lemmas 12.111 and 12.71 
the product 

Sv,w(^,j)-Vfw5 

does not depend on the representative of On the other hand, it is easy to check 

the definition of the bilinear map [ , ] does not depend on the choice of the linear 
representatives of the two cyclic words. 

Example 2.17. Let V and W be as in Example [231(1) then [V,W] = -dmab. 
If V = W = aabb as in Example [23K2), 

[V, V^] = Sabbabaabbaabbaab — Sbaababbaabbaabba. 

(Observe that this is an example where the Turaev cobracket of V is zero but V does 
not have a simple representative, see Remark [3.171 and [5]) 

Finally, if V and W are as in Example [23](3), then [V, W] = ab. □ 

Remark 2.18. It is not hard to prove that for any pair of cyclicallyjreduced words, X 
and Y, not necessarily primitive, [X, Y] = J2'(i~fj(zcv{XY)^^''^^^' ' Thus we could 

have used this formula as a definition of the bilinear map [ , ] . We have chosen the 
other formula because it makes our proofs shorter. □ 

2.5 Certain words are not conjugate 

Let X be a cyclically reduced primitive word. In this subsection we prove that certain 
pairs of cyclic words we construct out of X, cannot be conjugate. The conjugacy classes 
of each of the terms of the bracket [X^, X^] we will study later on have the same form 
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as these cyclic words. (Recall that for each linear word Y, Y is the conjugacy class of 
Y.) 

Here is an outline of the proof: if XfX^ and X^X^ are conjugate then a subword P 
of Xf or X^ is a (cyclic) subword of X^X^ (Observe that we cannot assume P is equal 
to X^ or X^ because there might be cancellation) . When the length of P is larger than 
the length of X, certain letters repeat in P and so in X^X^. Some of these repetitions 
will contradict the fact that and {h,k) are linked pairs (see Figure [3l). 

In order to prove Proposition 12.191 for p + 2 < q one only needs to consider the first 
three cases studied in the proof (Case 1, 2 and 3). Case 4, 5 and 6 are needed for the 
case p + 1 = q. 

Using the notation of Definition 12.31 we have, 

Proposition 2.19. Let X be a primitive cyclically reduced linear word and let {i,j) and 
{k,h) be linking pairs which are not equivalent under Tl{X,X) . Let p and q be distinct 

positive integers such that p> 3 or q > 3. Then XfX^ 7^ X^X^. 

Proof. We can assume without loss of generality that p < q. Thus, g > 3. 

Since and {k,h) are linking pairs, by Lemma [2.141 the classes of (z,j) and 

{k,h) are as in Proposition 12.51 (1) or (2). By Corollary 12.61 and Lemma [2771 we can 
assume that and {k,h) are extremal. Since {i,j) and {k,h) are not equivalent, in 
particular, 7^ {k,h). 

We argue by contradiction. If Xf X^ = X^X^ by Lemma [2771 the negative length of 
the class (z, j) and the negative length of the class (fc, h) are equal. Denote the common 

negative length by c. By Lemma [277l the length of the cyclic word XfX^ is (p + g)Z — 2c, 
where / denotes the length of X. Moreover, by Proposition 12.51 c < I. 

Let V = vqVi . . . t>(g+p)i_2c-i and W = woWi . . . W(g+p)/_2c-i be the linear words 
defined by the formulae 



v„ 



and 



Xj+m+c ii < m < ql — c 

Xi+rn+c iiql -c<m< (p + g)/ - 2c 



Xh+m+c iiO< m< ql - c 

Xk+m+c ii ql - c < m < {p + q)l ~ 2c 



Let a, 6 G {0, 1, 2, . . . , (p + q)l — 2c}. By X^ we denote the subword of X defined 
by XaXa+i ■ ■ -Xh-i- Using this notation we can represent the word W as in Figure [2l 

Since {i,j) and {h,k) are extremal, Xi 7^ Xj-i and Xh 7^ Xk-i- By hypothesis, X is 
cyclically reduced. Thus V and W are reduced. Since V and W have length {q + p)l — 2c 

both words are cyclically reduced. Therefore, V is a linear representative of X^XJ and 
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'^h+c,h-l 




X, 


Xfc 


XA:,fc-c-l 


w 









Figure 2: Graphic representation of W. 



W is a linear representative of X^X^. Since X^X^ = X^X^ by Lemma [2?2] (3) there exists 
a positive integer r, such that V = W^. Hence, 

Vm = Wm+r for cvcry integer m (1) 

We can assume without loss of generality that < r < (g + p)/ — 2c. By the 
definition of V and W, we have 

Vm = Vm+i if < m < (g - 1)/ - c (2) 
Wm = Wm+i if < m < (g - 1)/ - c (3) 

We will complete the proof by showing that all possible values of r and c lead to a 
contradiction. 

Case 1: r = 0. Here V = W and so Xj = X^ and Xj = Xh. Since (i, j) and (fc, h) are 
distinct pairs then i ^ k or j ^ h. By Lemma [2?2] (1). X is not a primitive word 
contradicting our assumptions. 

Case 2: < r < (g - 1)/ - c. Thus < (g - 1)/ - c - r < (g - 1)/ - c. By Equation 
(E]), = Vgi-c-r- Hence, by Equation 

Xk = Wql-c = Vql-c-r = V(q-i)l-c-r = W(q-i)l-c = Xh, 

contradicting the hypothesis that {h,k) is extremal (see Figure [3j). 



X/i+C 


X/i + c-l,/l-l 


t 


Xk 

r 


Xfc,fc_c-1 




E — r 3 


Xj+cJ-l 




X, 


Xi 


Xj^j— c— 1 



Figure 3: Case < r < (g — 1)/ — c. 



Case 3: {p + 1)1 - c < r < {p + q)l - 2c. Set r' = {p + q)l - 2c - r. Thus, < r' < 
(g — 1)/ — c and Wm = V^-r = ^m+r'- Then we can proceed as in Case 2 (with 
r' instead of r and the roles of V and W interchanged) to complete the proof. 

If p + 2 < g then the proof is complete. Now, we need to complete the proof of the 
result for g = p + 1. Since Cases 1,2, and 3 prove the result for p = 1 and g > 3, we 
can assume that p > 2. 
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Case 4: (g - 1)/ < r < ql and c = 0. Here < {q - 2)1 < r - I < {q - 1)1 and the 
length of W is {p + q)L By Equation ([3]), tf^r-i = Wr. By our convention on the 
subindices, 

Xj =Vo=Wr = Wr-l = V_i = = Xj. 

contradicting the hypothesis that {i,j) is extremal. 
Case 5: {q — 1)1 — c < r < ql — c and c> 0, p > 2. Hence 

l<{q + l)l-c-l-r<{q + l)l-c-l-{q-l)l + c = 2l~l<ql-c. 

Since c > and (/c, /i) is extremal, {k, h) and {k — 1, h + 1) are equivalent under 
TZ{X,X). Then = x^. Since p>2, W(^p+g-i)i-c-i = Xk-i- 

By Equation ((21) (see Figured!) 

X/j = Xk-l = W(g+l)i_c-l = 'i^(g+l)i-c-l-r = %-c-l-r = Wql-c-l = Xh-1- 



Then X is not cyclically reduced, contradicting our hypothesis. 







Xh 

+ 


Xfc 

Xfc 1 


Xfc,fc-c-l 




E — r 3 


1 

— 

Xj+cJ-l 




X, 


X. 


Xj^i— c— 1 



Figure 4: Case p > 2, [q — 1)1 — c < r < ql — c and c > 



Case 6: r = ql — c, p > 2. We have that Xj = Xh+c = Xj. Then, Xi = Xj contradicting 
the hypothesis that {i,j) is extremal, (see Figure [5]) 



Xh+c 


X/i+c,/l-l 


X, 


Xfc 


Xfc,fc_c-1 




Xh+c 

-• 


Xh+c,h-l 


E r 3 


Xj+c 


Xi+c,i-l 


i 

a^i Xj- 


1 — 

a^i Xi 


Xj^j— c— 1 





Figure 5: Case r = ql — c, p > 2 



Definition 2.20. The Manhattan norm of an element xofY denoted by M(a;) is the 
sum of the absolute values of the coefficients of the expression of x in the basis of V 
defined by the set of cyclic words in Ag. Thus if a; = ciVi + C2V2 + ■ ■ ■ + c„V„ where 
for each i,j G {1,2,..., n}, q G Z, Vj is a cyclically reduced word and Vj 7^ Vj when 
i j then M(x) = |ci| + \c2\ + ■ ■ ■ + \cn\. □ 
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The number of elements of a finite set S will be denoted by \S\. The following 
result is a consequence of Proposition 12.191 and the definition of the map [ , ]. 

Proposition 2.21. Let X be a primitive cyclically reduced linear word and let p and q 
be two distinct positive integers such that p > 3 or q > 3. Then, the Manhattan norm 
of [Xp, X's] is p ■ q times the number of elements in CV(X, X). In symbols, 

M([X?,X?])=p-g-|£P(X,X)|. 

3 The geometric and topological side 
3.1 Boundary expansions 

In this Subsection we define the concept of boundary expansions and state and prove 
certain results of hyperbolic geometry that will be needed for Theorem I3.16[ Boundary 
expansions were discovered by Nielsen (see [2D]), who worked on the harder case of 
closed surfaces. Here we are constructing connected surfaces with non-empty boundary 
following pj and [7]. 




Figure 6: Example: = [01,02,01,02] 

Let g be a positive integer and let denote an ordered alphabet. Denote by © 
the open unit disk endowed with the Poincare metric and by the boundary of D. 
Endow © with counterclockwise orientation. Consider 2q symmetrically placed disjoint 
geodesic arcs in © with endpoints in 9D, such that each of them bounds disjoint half- 
planes. (Recall that these are arcs of circles in the usual metric on the Euclidean plane 
which are orthogonal to d3.) Label each of these arcs using the symbols of A^ as 
follows: Choose one of the circles and label it with Cg^, where Si is the first symbol 
in Aq. For each i G {2,3, .. . ,2g}, label the i-th circle from Cs^ in counterclockwise 
direction by C^^, where Sj is the i-th letter in Aq. 
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Let Di denote the connected component of the complement of the geodesic arcs, 
which borders each of them. 

For each j G {1, 2, . . . , g} consider the hyperbolic isometry defined on D that maps 
the arc labeled with Ca^ to the arc labeled with Ca^ and whose axis is the (unique) line 
perpendicular to Ca^ and Ca^. Denote this isometry by aj. 

Denote by G the group generated by the isometrics ai, 02, . . . , a^. It is known that 
every non-trivial element of G is hyperbolic and that Di is a fundamental domain for 
G. (The reader is referred to |Tj for definitions and proofs. In particular, see Exercise 
2 at the end of Section 9.3, for tools to prove these facts). The action of G on © 
extends naturally to dB>. The limit set of G, denoted by A is the smallest non-empty 
G-invariant closed subset of the closure of D (see [T], Theorem 5.3.7 and page 188]). 
Observe that A is a Cantor set embedded in dJ}. 

Denote by U the hyperbolic convex hull of A in D; ( see [2j.) 

Endow U with the orientation induced from D. The quotient of U by the action of 
G is a connected surface with non-empty boundary. This surface, with the orientation 
from U, will be denoted by S. The quotient map F: U — > S is a universal covering 
map for the surface E and the fiber of any point in S is in one-to-one correspondence 
with the group G. Therefore, the map F induces a bijection between G and and the 
fundamental group of S. (Note that any compact connected orientable surface with 
non-empty boundary can be constructed in this way.) 

Fix a point O in the interior of UflDi. Consider the homomorphism ■j/^ : G — >7ri(S,F(0)) 
defined for each g in G as follows: take an oriented curve C from O to g{0) and set 
ipi^g) as the (based) homotopy class of the closed curve F(G). Observe that G is a free 
group with generators ai, 02, . . . , a^. 

Thus we have the following well known fact: 

Proposition 3.1. (1) The homomorphism ip is an isomorphism and induces one to 
one correspondences between 

(a) elements ofG, 

(b) elements of the fundamental group of the surface S with basepoint F(0), 

(c) reduced words in Ag. 

(2) The above correspondence induces one to one correspondances between 

(a) conjugacy classes ofG, 

(b) cyclic words on Aq, 

(c) free homotopy classes of curves on the surface S. 

We will use Proposition 13. II to identify elements of the different sets. In particular, 
every cyclic word labels a unique conjugacy class. 
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Since all non-trivial elements of G are hyperbolic, for each element V G G there 
exists a unique oriented hyperbolic line on © invariant by V, namely the axis of the 
isometry V (see \T\). We denote this line by Axis(V). 

Lemma 3.2. Let M he a reduced linear primitive word. Then Axis(V) covers via 
r a closed oriented curve in V, the conjugacy class of the element labeled by V in 
7ri(S,r(0)). 

By Lemma [3^ each cyclically reduced linear word V determines a closed curve on 
the surface S, namely, r(Axis(V)) (which is, indeed the unique geodesic in the free 
homotopy class of V). We denote this curve by 7(V). 

The elements of G are composed from right to left, so if V and W are two linear 
words in Ag then VW(P) = V(W(P)) for each P G U. 

Now, we label with half-infinite words in A^, the points in the limit set A of G, i.e., 
the point in which are limit points for the action of G on D. 

Firstly we will label by [s], the arc of the circumference d3 that intersects the 
circle determined by Cs- (We maintain the convention that s = s). For each reduced 
word vqVi . . . Vn-i define an arc of dB> [vqVi . . . f„_i] by the formula [fo^^i • • • Vn-i] = 
VqVi . . . t;n--2(K-i]). 

For a proof of the following results see |2j. As stated in [2], the proof of Lemma [331 
is a special case of 4.9 and 4.10 in [25]. 

Lemma 3.3. Let T = to^i^2 • • • be a reduced half infinite word in Aq. 

(1) For each non-negative integer n, [to^i • • • t„] C [to^i • • • ^n-i] C • ■ ■ C [to]- 

oo 

(2) C\[toti . . An] = lim toti---tn(O). 

' ' n— >oo 

n=0 

By Lemma [3731 we can state the following definition: 

Definition 3.4. Let P be a point in and assume that there exists a (unique) half 
infinite word T = totit2 ■ ■ ■ such that P = lim t^ti . . . tniP). Then, the half infinite 

n— >oo 

word T is defined to be the boundary expansion of P and we will refer to the point P 
as to^i^2 • • • • n 

Let V = VqVi ■ ■ ■ Vn-i be a finite linear word. Recall that V°° is the half infinite 
word VV. . . . The points with boundary expansion V°° and V~°°(= V ) are fixed by 
the finite word V (see [2] for a proof). Thus, we have 

Lemma 3.5. Let V = vqVi . . . be a cyclically reduced word, then the endpoints of 
Axis(V) are and^-^. 
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In the next lemma we study which are the fundamental domains traversed by 
Axis(V), for a cyclically reduced word V. 

Lemma 3.6. Let V = f of if 2 • • • fn-i be a cyclically reduced word in Aq. Then the axis 
ofM, Axis(V), intersects Di. Moreover, Axis(V) passes through the bi-infinite sequence 
of domains 

. . .Vn-3Vn-2%i^liDl),Vn-2%,-liDi),Vn_i{Di),Di,Vo{Di),VoVi{Di),^ . . . 

Proof. By Lemma [3.51 the endpoints of Axis(V) are V°° and V~°°. By definition, the 
point V°° is in [vq] and V~°° is in [fn-i]- Since V is cyclically reduced, vq 7^ Vn-i- 
Since Di separates the arcs [vq] and [f„_i] then Axis(V) intersects Di. Since V°° is in 
[fofi], and fo(-Di) separates Di and [fofi], Axis(V) intersects vo{Di). The proof can 
be completed using the same ideas. ■ 

The following lemma is a direct consequence of Lemma [3.61 and the fact that, with 
the exception of the identity, no transformation of G fixes Di. 

Lemma 3.7. Let V = vqVi . . . f„_i and W = wqWi . . . Wm-i be two cyclically reduced 
words. //Axis(V) and Axis(W) pass through the same translate D2 of the fundamental 
domain Di and D2 7^ Di then there exists a positive integer s such that the following 
holds 

(1) D2 = vo . . . Vs{Di) or D2 = Vn-iVn-i .. .Vn^i-s{Di) , and 

(2) D2 = Wq. . .WsiDi) or D2 =Wn^lW.m^i. . .Wm-l-siDl)- 

3.2 The Goldman Lie bracket 

Let S be an oriented surface. The Goldman bracket (see [10]) is a Lie bracket defined 
on the free Z-module generated by all free homotopy classes of oriented curves on 
the surface S. Recall that by Proposition 13.11 free homotopy classes can be identified 
with cyclic words in the free generators of the fundamental group of S. We recall 
the definition of the Goldman bracket: For each pair of homotopy classes (or cyclic 
words) V and W, consider representatives a and P respectively, that only intersect 
in transversal general position. The bracket of (V, W) is defined as the signed sum 
over all intersection points P of a and P of free homotopy class of the curve that goes 
around a starting and ending at P and then goes around /? starting and ending at P. 
The sign of the term at an intersection point P is the intersection number of a and /3 
at P. 

Definition 3.8. If a and /3 be directed closed curves on the surface S . For each 
integer k, a'' denotes the curve that goes k times around a. By class(a) we denote the 
the free homotopy class of a. 
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Define transversal coincidence point to be a pair of points {x,y), x in the domain 
of a, y in the domain of (3 with the same image in S such that the branch through x 
is transversal to the branch through y in S. Denote by tcp(a,/5) the set of transverse 
coincidence points of a and (3. If (x, y) is a transversal coincidence point of a and /3, 
denote by the curve a with basepoint determined by x and by sign(a;, y) the sign 
determined by the agreement or not of the ordered branches (first that of x, then that 
of y) with the orientation of S. Also, for a transversal coincidence point {x,y) of a 
and /?, ax ■(x,y) Py denotes the based loop product of and Py. □ 

Remark 3.9. The definition of the Goldman Lie bracket extends to a slightly more 
general circumstance than the two representatives only intersect transversally in general 
position (e.g., triple intersection points and power curves intersecting transversally). 
In the above description we sum over transverse coincidence points, the free homotopy 
class of a starting at x followed by /3 starting at y. □ 

The next lemma will be used to compute bracket of powers of curves. 

Lemma 3.10. Let V and W be primitive non trivial free homotopy classes of curves 
on an orientable surface S. Let a and (3 he representatives of V and W respectively. 
Moreover, assume that a and (3 intersect transversally. Then 

(V^ W') = k-l sign(x, |/)class(«^ ■^x,y) 

(a;,j/)Gtcp(o,/3) 




A B C D 



Figure 7: Proof of Lemma [3 .101 

Proof. First we homotope a and /3 to ai and /3i respectively such that the intersections 
of ai and Pi are transversal double points. Consider thin neighborhoods and iV^^ 
of each of the curves, ai and Pi such that these neighborhoods only intersect around 
the intersection points of ai and Pi as in Figure [7](A). In Na-^ place k (resp. /) parallel 
copies of «! (resp. Pi). Thus around an intersection point of ai and Pi these curves 
are as in Figure [7](B) and far from intersection points as in Figure [7](C). 
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In Na-^ (resp. Np-^ ) choose a small piece of the band as in Figure [7](C) and reconnect 
the curves as in Figure [7](D). 

Observe that around each intersection point of ai and (3i there are k.l intersection 
points of the obtained curve in and the obtained curve in A^/j^ . 

Using the obtained curve in iV^^ and the obtained curve in N^^ as representatives of 
ai^ and and homotoping back ai and Pi to a and /3 respectively, the result follows 
easily. 

■ 

Remark 3.11. (1) The reason we do not ask in the hypothesis of Lemma [3.101 that 
the representatives a and P intersect in transversal double points is that we need 
to apply Lemma [3.10l to geodesic representatives, which intersect transversally but 
not necessarily in double points. 

(2) Note that in Lemma [3.101 V and W can be the same free homotopy class. 

□ 

3.3 The equivalence between the combinatorial and the geo- 
metric bracket 

In this section we prove that the bracket defined combinatorially in Subsection 12.41 is 
precisely the bracket of the Goldman Lie algebra. 

The next result is Theorem A of [2J. 

Theorem 3.12. Let P and Q be distinct points on 83 with boundary expansions 
6162 . . . and /1/2 . . . respectively. Then P precedes Q in counterclockwise order around 
dlD) starting from the point I (see FigurelM) if and only if either 

(i) Ci precedes fi in the alphabet Ag or 

(a) Ci = fi for each i G {1, 2, ... , m} and Cm+i precedes fm+i in the alphabet Ag with 
the order cyclically rotated so that is the first letter. 

For every pair of cyclically reduced primitive words, denote by i(V, W) the set 
of transversal coincidence points of the geodesies 7(V) and 7(W). Observe that the 
cardinality of the set z(V, W) is equal to the number of intersection points of 7(V) and 
7(W) counted with multiplicity. 

Recall that F: U — > S denotes the covering map. For a proof of the next result, 
see [7]. 
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Proposition 3.13. ([7], page 4-92.) Let V and W he two primitive cyclically reduced 
linear words and let G CV{\/ , W). Let (pii,]) be the unique transversal coincidence 
point o/7(V) and 7(W) determined by the intersection point o/Axis(Vj) and Axis(Vj). 

The map (p: £P(V, W) — > i{\/,W) is well defined. Moreover, (p is a bijection. 

Let V and W be two free homotopy classes of curves on a surface (recall Propo- 
sition [3]T]) . The minimal intersection number of V and W is defined as the minimal 
number of transversal coincidence points of pairs of representatives of V and W such 
that all intersections are transverse. The minimal self-intersection number of V is 
the minimal number of self-intersection points of representatives of V such that all 
self-intersections are transverse double points. 

Remark 3.14. It is possible to give a definition of transversal self- coincidence points, 
analogous to that of transversal coincidence points. Thus, the minimal intersection 
number can be defined as the the minimal number of transversal self-coincidence points 
of representatives of V such that all self-intersections are transverse. □ 



Geodesic representatives realize minimal intersection and self intersection num- 
bers of conjugacy classes and the cardinality of ^(V, V) equals twice the minimal self- 
intersection number of V (see [9] and [7|). Thus by Proposition 13.131 we have 

Proposition 3.15. Let X be a cyclically reduced linear word on the free generators of 
the fundamental group of the surface S. Then the cardinality of CV{X,X) equals twice 
the minimal self-intersection number of X. 



We now show that, in the case of surfaces with non empty boundary, the combina- 
torial bracket and the Goldman bracket coincide. 

Theorem 3.16. Let X and Y be cyclically reduced linear words on the free generators 
of the fundamental group of the surface S. Then the Goldman bracket (X, Y) and the 
bilinear map [X, Y] defined on Subsection \2.4\ coincide. In symbols, 



(X,Y) = [X,Y]. 



Proof. Let k and / be two positive integers and V and W two primitive cyclically 
reduced words such that X = V'^ and Y = By definition, 



[X,Y] = A;-/^J]s,,w(„))-VfW^.. 

{i,j)ecv{\/,\N) 

Recall that 7(V) = r(Axis(V)) and 7(W) = r(Axis(W)). By LemmaE^l 7(V) and 
7(W) are representatives of V and W respectively. Thus, by Lemma 13. 101 
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(X, Y) = ■ / Yl ^) ■ class(7(V)^.(.,,)7(W);^). 

{x,y)etcp(\/,\N) 

Let be the map of Proposition l3.13[ Since is bijective, it is enough to show that 
for each hnking pair in £'P(V, W) if0(i,j) = {x,y) then Sy w{i,j) = sign{x,y) and 
Vfw5 = class(7(V)^.(.,,)7(W)y. 

Since the orientation on the surface S is induced by the orientation on 3, it is the 
same to compute sign{x,y) to the sign at the intersection of Axis(Vj) and Axis(Wj) 
on ©. Thus the equahty Syyj{i,j) = sign(x, ?/) follows straightforwardly from Theo- 
rem 13.121 

We claim now that VfW^. = class(7(V)^.(^,j,)7(W)^). Indeed, let Q denote the unique 
point in the intersection of Axis(Vj) and Axis(Wj). Since Q is in the intersection of 
both axis, Q must be in a fundamental domain D2 intersected by both axis. Assume 
that D2 7^ Di (if D2 = Di the result can be proved in a similar way). Let s be a 
positive integer as in Lemma [3771 for D2. Assume, for instance, that 

D2 = ViVi+i . ..Vi+s{Di) = Wj-iWj-2 ■ . .Wj-s-l{Di). 

(the other possibilities can be treated similarly). 

Then Wifj+i . . -fj+s = Wj^iWj^2 ■ ■ -Wj^s-i- This implies that {i + s, j — s) E 
By Lemma O and Lemma [221(4) since {i + sj - s) e VfW^. = Vf_^^W^._^. 

Consider the oriented segment S of Axis(Vj) from Q to \/f^s{Q) , and the oriented 
segment R of Axis(Wj) from Q to W^_^((5). The oriented piecewise linear path obtained 
by following S and then Vf^_g(i?) is a lifting of the loop 'y(y)x-ix y)l(y^)y that starts at 
Q, i.e., r(^ ■ VIM) = 7{V)Ux,y)^mi- Since Vf+,Wj_, maps_Q into V^.^iQ), 

then the free homotopy class of l{y)x-{x,y)li}N)y is precisely Vf_(_^W^_^. This completes 
the proof of the claim. ■ 

Remark 3.17. Turaev cobracket 5 is defined on the vector space generated by the 
non-trivial free homotopy classes of curves. If V is a non-empty cyclically reduced 
word then 

where Vjj_i = f jfj+i . . . f j_i and Vj j_i does not contain V as a subword (see [5j.) □ 



4 Applications 

In Subsection [4T] we prove Theorem 14. II which states, roughly speaking, that for certain 
pair of integers p and q and for each conjugacy class V, the Goldman Lie bracket (V^, V) 
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"computes" the minimal number of self-intersection points of V. From this result, the 
statement that a class V contains a simple representative if and only if (V^, V) = 
(Corollary I4.2P follows directly. 

Finally, in Subsection 14.21 we report of some applications of our results to the 
characterization of which permutations of the conjugacy classes are related to diffeo- 
morphisms of surfaces. 

4.1 Minimal intersection and self-intersection numbers of ori- 
ented curves 

Recall that by Proposition 13.11 free homotopy classes of curves on the surface S are 
identified with reduced cyclic words in A^. Denote by vr* = 7r*(E) the set of conjugacy 
classes of the fundamental group of an orientable surface S. 

For each free homotopy class V, denote by s(V) the minimal number of self-intersection 
of V. By Proposition 12.211 Proposition 13.151 and Theorem 13.161 we obtain. 

Theorem 4.1. Let S be an oriented surface with boundary. Let V be an element o/vr* 
which is not a non-trivial power (i.e., V is primitive). Let p and q be distinct positive 
integers such that p > 3 or q > 3. Then the Manhattan norm (see Definition \2.20\) of 
the Lie bracket (V^, V^) is equal to 2 ■ p ■ q times the minimal self-intersection number 
ofV. In symbols, 

M((V^V')) = 2-p-g-s(V). 

A free homotopy class contains an embedded or simple representative if and only if 
its self-intersection number is zero. Thus we have. 

Corollary 4.2. Let S be an oriented surface and let V be a free homotopy class of 
curves on S. Then V contains a simple representative if and only if the Goldman 
bracket (V^, V) = for some pair of distinct positive integers p and q such that p > 3 
or q >3. 

Remark 4.3. Observe that Theorem 4.1 holds even if the surface S is not connected. 

□ 

Helpful Remark 4.4. Since the Goldman Lie bracket is antisymmetric, for any cyclic 
word V, the Goldman Lie bracket (V, V) is zero. Theorem 14.11 claims that for certain 
integers p and q the bracket (V^, V) has exactly 2-p-q times the minimal self intersection 
number of V. On the other hand, the brackets (V^, V) and (V, V) look so similar that 
at first glance one is tempted to deduce that since (V, V) = then (V''^, V^) = for 
every cyclic word V. 

Here is an explanation of why this temptation is incorrect: Consider a geodesic 
representative a of V and a self-intersection point P of a. The point P determines an 
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ordered pair of arcs of a (the order is determined by the orientation of the surface). 
There are p ■ q terms with positive sign of the bracket (V^, V^) determined by P and 
p ■ q terms of negative sign determined by P. A representative of the conjugacy class 
of these positive terms is the curve that goes p times around a starting at P on the 
direction of the first arc, followed by going q times around a on the direction of the 
second arc. A representative of a term of the bracket determined by P with negative 
sign is obtained as in the previous case but switching the order of the initial directions, 
that is, first a is covered p times in the direction of the second arc, and then q times 
in the direction of the first arc. Clearly, when p = q the two terms obtained from the 
same pair of arcs are all equal. Thus these terms cancel. On the other hand, since 
this arcs are located in topologically different places of a, when p ^ q the terms have 
a "good chance" of being different (and they are indeed different as it is proved in 
Theorem STD. 

The combinatorial analog of this discussion consists in considering a linking pair 
{i, j) in TZiy, V) where V is a linear representative of V and noticing that (j, i) is also in 
7?.(V, V). Moreover, the signs or and are opposite. Thus the set of integers 
{i,j} plays the role of the pair of arcs of the previous discussion. 

□ 

4.2 The mapping class group 

By Eg b we denote an connected oriented surface with genus g and b boundary com- 
ponents. If S denotes a surface, we denote by Mod(E) the mapping class group ofT,, 
that is set of homotopy classes of orientation preserving homeomorphisms of S. 

In [6], Theorem 14.11 is applied to the curve complex C(S) and using results of 
Korkmaz |T7j, Ivanov [H] and Luo [I9] the following is proved. 

Theorem 4.5. Let Q be a bijection on the set n* of free homotopy classes of curves 
on an oriented surface with non-empty boundary. Suppose the following 

(1) If VL is extended linearly to the free Z module generated by tt* then [r2(x), fi(?/)] = 
VL{[x, y]) for all x,y E tc* . 

(2) The bijection VL commutes with "change of orientation" , that is VL{x) = Q{x) for 
all X e n*. 

(3) The bijectionVt commutes with "third power" , that is Q{x^) = Q{x)^ for allx G vr*. 

Then the restriction of to the set of classes containing embedded curves is induced 
by an element of the mapping class group. Moreover, «/S ^ ^2,0; ^0,4} then f2 is 

induced by a unique element of the mapping class group. 
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This result "supports" Ivanov's statement in [T5] : 



Metaconjecture "Every object naturally 
sufficiently rich structure has Mod(S) as its 
can be proved by a reduction theorem about 
C(S)." 



associated to a surface S and having a 
group of automorphisms. Moreover, this 
the automorphisms of the curve complex 



5 Computational theorems, questions and conjectures 

In this section we state some conjectures and questions, as well as the evidence we 
found running our programs, which supports these conjectures. 

5.1 Characterization of simple closed curves via the Goldman- 
Turaev Lie bialgebra 

Corollary 14.21 characterizes the classes with simple representatives in terms of the Gold- 
man Lie bracket. Chas j5] gave a negative answer to Turaev's question, whether the 
cobracket of a primitive class is zero only if the class contains a simple representative. 
It would be interesting, though, to use the cobracket to characterize simple classes. In 
this regard, we propose the following. 

Conjecture 5.1. Let V be a cyclic word which is not a proper power. Then V contains 
a simple representative if and only if one of the following holds. 

(1) 6(y^) = for all integers p. 

(2) 5(VP) = for some integer p ^ {-1, 0, 1}. 

(3) [V, V^] = for all pairs of integers p and q. 

(4) [V^, V^] = for any pair of distinct integers p and q such that \p\ > 3 or |g| > 3. 

(5) [V, V^] = for some integer q G {-2, -1, 2}. 

□ 

The statements of the above conjecture concerning the cobracket, when the integer 
p is large enough, can be proved with the same ideas of the proof of Proposition 12.191 
This is currently being written. 

In a sequel of this paper, we will present a proof of the cases of statement (4) not 
covered by Corollary 14. 2[ Hence the cases of the statements that will be left open are 
{p,q} C {1,-1,2,-2} with p^q. 
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The algorithm to compute the bracket and cobracket presented in this paper was 
programmed by us. It can be found (in a user friendly form) at 

https: / / www.math.sunysb.edu / ~moira 

The evidence we found by running the program mentioned above supports the above 
conjecture. More precisely we found the following. 

Computational Theorem: Let V be a primitive cyclic word in a fixed alphabet Ag. 
In Table d we exhibit the maximal length n of the primitive cyclic word V for which 
the following hold. 

(1) In the column with header [V, V] there is the maximal length ofV (in the letters of 
the alphabet indicated in the header of the row) we tested for which the Manhattan 
norm of [V, V] equals two times the minimal number of self-intersection points of 
V. In symbols, M((V, V)) = 2 ■ s(V). 

(2) In the column with header [V, V^] there is the maximal length ofV (in the letters of 
the alphabet indicated in the header of the row) we tested for which the Manhattan 
norm of [V, V^] equals four times the minimal number of self-intersection points of 
V. In symbols, M((V, V^)) = 4 ■ s(V). 

(3) In the column with header 5(V^) there is the maximal length ofV (in the letters of 
the alphabet indicated in the header of the row) we tested for which the number of 
terms of 6{V'^), counted with multiplicity, equals two times the minimal number of 
self-intersection points of V. 



Table 1: Word length tested 



Alphabet 


[V,V] 


[V, V^] 


5(V2) 


a, 6, a, b 


21 


14 


16 


a, 6, a, 6, c, c 


9 


11 


13 


a, 6, a, 6, c, d, c, d 


9 


8 


11 


a, a, b,b 


15 


14 


19 



5.2 Power operations on curves 

Let V be an element of the set of conjugacy classes n*. By Lemma [3.101 for every 
W G 77* and for every positive integer k, there exists an element f of V such that 

[v^>v] = k-v. 

It would be interesting to explore whether the converse of the previous statement 
is true. More precisely, 
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Question 5.2. Let 11: V — > V be a linear map, such that the restriction of 11 to ir* is 
injective and n(7r*) C vr*. Moreover, assume that there exists an integer n larger than 
one such that for every V, W G tt* there exists z eY such that [n(V), W] = n - z. Is it 
true that n(V) = or n(V) = V"" for every V E vr*? 

5.3 Goldman Lie algebras 

Our next question is about whether there is it possible to distinguish Lie algebras of 
curves on surfaces among all Lie algebras. 

Problem 5.3. Find a characterization of a Lie algebra that is isomorphic to the Gold- 
man Lie algebra of some surface. □ 

It would be interesting to know how the Lie bialgebra recovers the surface. 
Problem 5.4. Given the Goldman Lie algebra of a surface, determine the surface. □ 

Let (V, [ , ]) be a Goldman Lie algebra of curves on a surface S. We say that an 
element f G V" is a geometric element if there is a base -B of such that the following 
holds 



(1) 6 is an element of B. 

(2) There is a one to one correspondence 6: B — > 7r*(S) between elements of B and 
free homotopy classes of curves on the surface S. 

(3) The map 9 when extended linearly to 9 : V — > V is a Lie algebra isomorphism. 

Problem 5.5. Let (V, [ , ]) be a Lie algebra of curves on a certain surface. Characterize 
the basis of geometric elements algebraically in terms of the bracket [ , ] and the power 
operations. □ 

Recall that the center of a Lie algebra (V^, , [ , ]) consists in the elements v E V such 
that [v, w] = for every w E V. In [6] it is proved that if a geometric element is in the 
center of the Goldman Lie algebra, then it is a peripheral curve. 

Conjecture 5.6. The center of the Goldman Lie algebras of curves on an oriented 
surface S is generated by the free homotopy class of the trivial loop and the free 
homotopy classes of curves on S homotopic to a boundary component of S (that is, 
peripheral) . □ 

Etingof [8j proved the that the center of the Goldman Lie algebra of curves on a 
surface with empty boundary is generated by the class of the trivial loop. 
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Remark 5.7. When the surface Tjg^b has negative Euler characteristic, the maximal 
number of distinct isotopy classes of simple curves, non-peripheral containing pairwise 
disjoint representatives is 3g+b—3 (this can be proved by dividing the surface into pairs 
of pants). Suppose that a Goldman Lie algebra is given, and one wants to determine 
the surface. If the geometric elements are also given (or if Conjecture 15.21 is true), one 
can apply Corollary 14.21 to find which elements of the base have simple representatives 
and then find the maximal number of disjoint ones by results of [10] or [6]. This number 
must be equal to 3g + b — 3. Now, find the elements of the geometric base of V that 
are in the center and those are b in number. Then the surface is determined by the 
genus g and the number of boundary components b. □ 

Remark 5.8. Most of the above problems have a counterpart in the Turaev coalgebra. 
Also, it might be necessary to use the Lie bialgebra to solve the above problems. □ 
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